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We consider the notion of cosmological symmetry, i.e., spatial homogeneity and isotropy,
in the field of teleparallel gravity and geometry, and provide a complete classification
of all homogeneous and isotropic teleparallel geometries. We explicitly construct these
geometries by independently employing three different methods, and prove that all of
them lead to the same class of geometries. Further, we derive their properties, such
as the torsion tensor and its irreducible decomposition, as well as the transformation
behavior under change of the time coordinate, and derive the most general cosmological
field equations for a number of teleparallel gravity theories. In addition to homogeneity
and isotropy, we extend the notion of cosmological symmetry to also include spatial
reflections, and find that this further restricts the possible teleparallel geometries. This
work answers an important question in teleparallel cosmology, in which so far only
particular examples of cosmologically symmetric solutions had been known, but it was
unknown whether further solutions can be constructed.
Keywords: teleparallel geometry; cosmological symmetry.
1. Introduction
Some of the most prominent open questions in modern physics arise from obser-
vations in cosmology, which hint towards phases of accelerating expansion in both
the early and late history of the universe. An explanation of these observations
requires either the introduction of a new matter type, known as dark energy, whose
properties significantly differ from any matter thus far observed in particle physics,
or a modification of our description of gravity by general relativity. The latter is
also suggested by the tensions between general relativity and quantum physics,
which have so far obstructed the construction of a complete and conclusive theory
of quantum gravity.
While most approaches to modify general relativity are based on its standard
formulation in terms of the curvature of the Levi-Civita connection of the spacetime
metric, there exist also approaches based on other geometries, known as the metric
teleparallel and symmetric teleparallel formulations [1], in which gravity is mediated
by the torsion or nonmetricity of a flat connection instead. In this article we will
1
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focus on the metric teleparallel approach (and omit the word “metric” is this context
for brevity) and consider geometries based on a metric and a metric-compatible, flat,
affine connection, which is characterized by its torsion [2]. Another, more common
description of such geometries is the Lorentz covariant formulation, which makes
use of a tetrad and a flat, antisymmetric spin connection [3,4].
In order to study the cosmological dynamics of any theory of gravity, one must
apply its field equations to a spacetime geometry which obeys the cosmological
symmetry, being spatially homogeneous and isotropic. In curvature-based theories,
which employ a pseudo-Riemannian geometry fully defined by the metric tensor,
this is easily implemented by making use of the Friedmann-Lemaitre-Robertson-
Walker (FLRW) metric, which is the most general cosmologically symmetric metric.
In teleparallel gravity, however, this is not sufficient in general, since the gravita-
tional dynamics are also influenced by further degrees of freedom beyond the metric
ones, which are encoded in the tetrad and the spin connection, and enter the field
equations through the torsion of the teleparallel connection. Failure to consider a
“proper” teleparallel geometry may result in the field equations to reduce to that of
general relativity, excluding any modifications [5]. Finding “proper” teleparallel ge-
ometries which allow the study of different types of solutions of modified teleparallel
gravity theories and the resulting deviations from general relativity has therefore
become an important task in the field of teleparallel gravity.
An important step for the construction of suitable geometries to study teleparal-
lel gravity has been achieved by realizing that this task is simplified if one considers
geometries which obey an extended notion of symmetry, which takes into account
not only the metric degrees of freedom, but also the teleparallel connection, or
equivalently, the tetrad and spin connection [6]. For the particular case of cosmo-
logical symmetry, it has been shown that any teleparallel geometry which satisfies
these symmetry conditions automatically solves the antisymmetric part of the field
equations of any teleparallel gravity theory, hence significantly simplifying the con-
struction of explicit cosmological solutions. Various examples of such cosmologically
symmetric teleparallel geometries have been found, and their properties as solutions
to teleparallel gravity theories have been studied [5,6,7,8,9]. However, it has so far
been an open question whether one may find any further teleparallel geometries
which obey the cosmological symmetry.
In this article we answer this question by explicitly constructing the most gen-
eral class of cosmologically symmetric teleparallel geometries. For this purpose we
employ three different, independent methods: besides the symmetry condition of
the tetrad and spin connection [6] we also use the symmetry of a metric-affine
geometry [10], and a novel method based on the irreducible decomposition of the
torsion tensor [11]. One purpose of this threefold approach is illustrative, by demon-
strating how to use these different methods, while at the same time we prove their
mutual consistency by showing that they lead to the same result. Further, we show
how different cosmologically symmetric geometries can be related to each other by
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coordinate transformations, and derive the resulting cosmological field equations
for a number of teleparallel gravity theories.
The article is structured as follows. In section 2, we review the relevant physical
and mathematical notions we use in our derivation. The main part of this article,
the construction of the most general cosmologically symmetric teleparallel geome-
tries, is the presented in section 3. The following sections discuss properties of the
obtained geometries. In section 4 we show how different teleparallel geometries in
the cosmologically symmetric class are related by coordinate transformations. Their
application to teleparallel gravity theories and derivation of the resulting cosmo-
logical dynamics is shown in section 5. We end with a conclusion in section 6.
2. Preliminaries
Before we come to the main part of this article, we briefly review a few physical
and mathematical notions we will be using, and establish notational conventions. In
section 2.1, we give an overview over the notion of teleparallel geometry both in its
metric-affine and tetrad / spin connection representations. The notion of spacetime
symmetries for teleparallel geometries is reviewed in section 2.2. We then focus
on cosmological symmetry in section 2.3, where we provide our conventions for
the coordinates and symmetry generators we will use. Conventions for the Lorentz
group are established in section 2.4. We conclude with a remark on complexified
tetrads in section 2.5.
2.1. Teleparallel geometry
We begin with a brief review of the different possibilities to describe a teleparal-
lel geometry which we will use in this article. The most common description of
teleparallel geometry on a four-dimensional spacetime manifold M is given by a
tetrad (or coframe) θA = θAµdx
µ and a spin connection ωAB = ω
A
Bµdx
µ, where
we use capital Latin letters A,B = 0, . . . 3 to denote Lorentz indices, while lower-
case Greek indices µ, ν = 0, . . . , 3 will denote spacetime indices. We demand that
at each point x ∈M the tetrad is invertible, and we denote its inverse (the frame)
by eA = eA
µ∂µ, satisfying θ
A
µeA
ν = δνµ and θ
A
µeB
µ = δAB. Further, we impose two
conditions on the spin connection. The first is the metricity condition, which can
most easily written in terms of vanishing nonmetricity
QAB = DηAB = ηCBω
C
A + ηACω
C
B ≡ 0 . (1)
Here we have introduced the Minkowski metric η = diag(−1, 1, 1, 1) and the exterior
covariant derivative
DWA1···ArB1···Bs = dW
A1···Ar
B1···Bs
+ ωA1C ∧WCA2···ArB1···Bs + . . .+ ωArC ∧WA1···Ar−1CB1···Bs
− ωCB1 ∧WA1···ArCB2···Bs + . . .− ωCBs ∧WA1···ArB1···Bs−1C .
(2)
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The second condition we impose on the spin connection is that of vanishing curva-
ture
RAB = dω
A
B + ω
A
C ∧ ωCB ≡ 0 . (3)
Finally, we define the (in general non-vanishing) torsion as
TA = DθA = dθA + ωAB ∧ θB . (4)
It is also possible to describe the teleparallel geometry in terms of a metric gµν and
an affine connection ∇ with coefficients Γµνρ. In terms of the previously defined
quantities they are given by the relations
gµν = ηABθ
A
µθ
B
ν (5)
and
Γµνρ = eA
µ
(
∂ρθ
A
ν + ω
A
Bρθ
B
ν
)
. (6)
In these variables, the condition of vanishing nonmetricity reads
Qρµν = ∇ρgµν ≡ 0 , (7)
while vanishing curvature is expressed as
Rρσµν = ∂µΓ
ρ
σν − ∂νΓρσµ + ΓρτµΓτ σν − ΓρτνΓτ σµ ≡ 0 . (8)
Also the torsion is then more conveniently expressed purely in tensor components
in the form
T ρµν = Γ
ρ
νµ − Γρµν . (9)
It is related to the torsion two-form (4) via
TA =
1
2
TAµνdx
µ ∧ dxν = 1
2
θAρT
ρ
µνdx
µ ∧ dxν . (10)
It is further helpful to define the contortion tensor
Kµνρ =
1
2
(Tν
µ
ρ + Tρ
µ
ν − T µνρ) , (11)
through which the coefficients Γµνρ of the teleparallel connection are given as
Γµνρ =
◦
Γµνρ +K
µ
νρ , (12)
where
◦
Γµνρ are the coefficients of the Levi-Civita connection of the metric gµν .
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2.2. Spacetime symmetries
We briefly review the notion of spacetime symmetries of metric-affine geometries,
and hence in particular teleparallel geometries, which we use in this article; see [6,12]
for a detailed discussion. Here and in the remainder of this article we will assume
the (left) action ϕ : G ×M → M of a Lie group G on the spacetime manifold.
For u ∈ G, we denote the induced diffeomorphism by ϕu : M → M . Under these
diffeomorphisms, the metric and connection coefficients of a metric-affine geometry
transform via their pullbacks as
(ϕ∗ug)µν(x) = gτω(x
′)
∂x′τ
∂xµ
∂x′ω
∂xν
(13)
and
(ϕ∗uΓ)
µ
νρ(x) = Γ
σ
τω(x
′)
∂xµ
∂x′σ
∂x′τ
∂xν
∂x′ω
∂xρ
+
∂xµ
∂x′σ
∂2x′σ
∂xν∂xρ
, (14)
while the tetrad and spin connection transform as one-forms, hence
(ϕ∗uθ)
A
µ(x) = θ
A
ν(x
′)
∂x′ν
∂xµ
(15)
and
(ϕ∗uω)
A
Bµ(x) = ω
A
Bν(x
′)
∂x′ν
∂xµ
. (16)
We say that a metric-affine geometry is symmetric under the group action ϕ if and
only if for every u ∈ G the metric and connection are invariant,
(ϕ∗ug)µν = gµν , (ϕ
∗
uΓ)
µ
νρ = Γ
µ
νρ . (17)
For the tetrad and spin connection it then follows that the induced metric-affine
geometry is symmetric if and only if for every u ∈ G there exists a local Lorentz
transformation Λu :M → SO(1, 3) such that
(ϕ∗uθ)
A
µ(x) = (Λ
−1
u )
A
B(x)θ
B
µ(x) (18)
and
(ϕ∗uω)
A
Bµ(x) = (Λ
−1
u )
A
C(x)
[
Λ
D
u B(x)ω
C
Dµ(x) + ∂µΛ
C
u B(x)
]
. (19)
Consistency between successively applied diffeomorphisms for u, v leads to
(Λ−1uv )
A
Bθ
B
µ = (ϕ
∗
uvθ)
A
µ = (ϕ
∗
vϕ
∗
uθ)
A
µ = (Λ
−1
v )
A
B(Λ
−1
u )
B
Cθ
C
µ , (20)
and so Λ : G×M → SO(1, 3) must be a local group homomorphism, Λuv = ΛuΛv.
For practical purposes it is often more convenient to work with infinitesimal
symmetries instead of finite diffeomorphisms. For the Lie group action discussed
above, they are described by the fundamental vector fields X : g → Vect(M),
where g denotes the Lie algebra of G, while Vect(M) denotes the space of vector
fields on M . Under an infinitesimal transformation Xξ ∈ Vect(M) with ξ ∈ g the
metric and affine connection transform via their Lie derivatives as
(LXξg)µν = Xρξ ∂ρgµν + ∂µXρξ gρν + ∂νXρξ gµρ (21)
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and
(LXξΓ)µνρ = Xσξ ∂σΓµνρ − ∂σXµξ Γσνρ + ∂νXσξ Γµσρ + ∂ρXσξ Γµνσ + ∂ν∂ρXµξ
= ∇ρ∇νXµξ −Xσξ Rµνρσ −∇ρ(Xσξ T µνσ) ,
(22)
where we included the last line as a reminder that this expression is a tensor. For
the tetrad and spin connection, the corresponding transformations read
(LXξθ)Aµ = Xνξ ∂νθAµ + ∂µXνξ θAν (23)
and
(LXξω)ABµ = Xνξ ∂νωABµ + ∂µXνξ ωABν . (24)
Following the same line of thought as for the finite case, we say that the fundamental
vector fields generate an infinitesimal symmetry of the metric-affine geometry if and
only if for all ξ ∈ g the Lie derivatives of the metric and affine connection vanish,
(LXξg)µν = 0 , (LXξΓ)µνρ = 0 . (25)
This is the case if and only if for every ξ ∈ g there exists an infinitesimal local
Lorentz transformation λξ :M → so(1, 3) such that
(LXξθ)Aµ = −λAξ BθBµ (26)
and
(LXξω)ABµ = ∂µλAξ B + ωACµλCξ B − ωCBµλAξ C . (27)
Also in this case consistency between successive transformations requires that the
map λ : g ×M → so(1, 3) is not arbitrary, but must be a local Lie algebra homo-
morphism, λ[ξ,ζ] = [λξ,λζ ].
Finally, we remark that in the Weitzenböck gauge ωABµ ≡ 0 the symmetry
conditions (19) and (27) become particularly simple, and read
∂µΛ
A
u B = 0 , ∂µλ
A
ξ B = 0 , (28)
so that Λ and λ reduce to a global Lie group and Lie algebra homomorphisms,
respectively. It will be a crucial part of our derivation presented in this article to
classify all such homomorphisms for the case of the cosmological symmetry groups.
2.3. Cosmological symmetry
In the remainder of this article, we will consider as symmetry groups G the
groups representing cosmological symmetry, i.e., homogeneity and isotropy. Their
infinitesimal action on the spacetime manifold is described in spherical coordinates
(t, r, ϑ,̟) in terms of the generating vector fields of rotations
R1 = sinϕ∂ϑ +
cosϕ
tanϑ
∂ϕ , (29a)
R2 = − cosϕ∂ϑ + sinϕ
tanϑ
∂ϕ , (29b)
R3 = −∂ϕ , (29c)
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as well as the translation generators
T1 = χ sinϑ cosϕ∂r +
χ
r
cosϑ cosϕ∂ϑ − χ sinϕ
r sinϑ
∂ϕ , (30a)
T2 = χ sinϑ sinϕ∂r +
χ
r
cosϑ sinϕ∂ϑ +
χ cosϕ
r sinϑ
∂ϕ , (30b)
T3 = χ cosϑ∂r − χ
r
sinϑ∂ϑ . (30c)
Here we used the abbreviation χ =
√
1− u2r2, where u is a constant parameter,
which may take any real or imaginary value. A more conventional approach is
to define the spatial curvature parameter k = u2, and to restrict its values to
k ∈ {−1, 0, 1}. However, for our purposes it will turn out to be more convenient to
work with general real or imaginary u instead. It follows that the Lie brackets of
the generators are given by
[Ri, Rj ] = ǫijkRk , [Ti, Tj ] = u
2ǫijkRk , [Ti, Rj ] = ǫijkTk . (31)
They generate the (connected) symmetry groups SO(4) for u2 > 0, ISO(3) for
u2 = 0 and SO0(1, 3) for u
2 < 0, where the latter denotes the proper orthochronous
Lorentz group, i.e., the connected component of the unit element in SO(1, 3). We
will extend our consideration to non-connected groups by considering reflections in
section 4.3.
2.4. Lorentz algebra
For later use we also introduce the notation and convention we employ for the
Lorentz algebra so(1, 3). A basis is given by the generators Ji of rotations and Ki
of boosts, where i = 1, . . . , 3. They satisfy the commutation relations
[Ji, Jj ] = ǫijkJk , [Ki,Kj] = −ǫijkJk , [Ki, Jj ] = ǫijkKk . (32)
An explicit matrix representation is given by
J1 =


0 0 0 0
0 0 0 0
0 0 0 −1
0 0 1 0

 , J2 =


0 0 0 0
0 0 0 1
0 0 0 0
0 −1 0 0

 , J3 =


0 0 0 0
0 0 −1 0
0 1 0 0
0 0 0 0

 , (33a)
K1 =


0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

 , K2 =


0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0

 , K3 =


0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0

 . (33b)
We will make use of these expressions when we calculate the symmetric tetrads in
the following section.
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2.5. Complexification and pseudo-tetrads
As discussed in section 2.2, the notion of spacetime symmetry for a teleparallel
geometry, formulated in terms of the tetrad in the Weitzenböck gauge, involves
the choice of a homomorphism Λ : G→ SO(1, 3) from the symmetry group to the
Lorentz group. Representing the latter by its natural representation displayed in the
preceding section,Λ in particular constitutes a four-dimensional, real representation
of the symmetry group. However, during the later sections of this article, it will
turn out to be more convenient to consider complex representations instead, as
this approach will allow a unified description of otherwise disconnected branches
of solutions. This comes with the drawback that the tetrads and spin connections
we construct will, in general, also be complex, and so should more appropriately
be denoted “pseudo-tetrads”. This does not pose any difficulties for the notion of
symmetry we use, since all definitions and equations used in section 2.2 also apply
for complex-valued tensor fields, but of course, any physically observable fields, as
well as the action of any physical theory, must be real, and so we will regard as
physical only real tetrads and spin connections.
We finally remark that complex tetrads and spin connections have been consid-
ered for the description of teleparallel cosmology in earlier works. An explicit form
for a complex tetrad obeying cosmological symmetry has been given in hyperspher-
ical coordinates in [7,8] and in spherical coordinates in [6].
3. Construction of cosmologically symmetric teleparallel geometry
We will now explicitly construct the most general class of teleparallel geometries
obeying the cosmological symmetry, as detailed in the previous section. This can be
done using different approaches, and for illustrative purposes we will demonstrate
three different approaches, and show that they lead to the same result, thus proving
their consistency. In section 3.1, we will make use of the notion of symmetry for a
teleparallel geometry represented by a tetrad and spin connection as detailed in sec-
tion 2.2, by constructing all possible homomorphisms from the group of spacetime
symmetries into the Lorentz group. This approach is the most direct, as it yields ex-
plicit expressions for the tetrad and spin connection. The other two approaches take
as their starting points the metric-affine representation of teleparallel geometry. In
section 3.2, we start from the most general cosmologically symmetric metric-affine
geometry, and successively apply the conditions of metricity and flatness in order
to obtain teleparallel geometries. A related approach is presented in section 3.3,
which makes use of the fact that the affine connection of a teleparallel geometry is
fully characterized by its torsion, and that the latter may be decomposed into three
irreducible parts under the Lorentz group.
3.1. Lorentz algebra and representation approach
The first approach we present here is the most explicit one, as it will directly yield
the tetrads and spin connections which define the cosmologically symmetric telepar-
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allel geometry. For this purpose, it makes use of the notion of symmetry detailed in
section 2.2. Its application requires to construct homomorphisms Λ : G→ SO(1, 3)
from the spacetime symmetry group to the Lorentz group (or, more generally, its
complexification). Here we construct all such homomorphisms in the case of cos-
mological symmetry, by proceeding in three steps. First, we list all irreducible, at
most four-dimensional representations of the spacetime symmetry groups in sec-
tion 3.1.1. From these we construct all four-dimensional (complex) representations
of the symmetry groups in section 3.1.2. As shown finally in section 3.1.3, it will
turn out that each of these representations yields a unique homomorphism into the
complexified Lorentz group. We then use the obtained homomorphisms to construct
all symmetric tetrads in the Weitzenböck gauge in section 3.1.4. For convenience,
we also transform these to the diagonal gauge in section 3.1.5.
3.1.1. Irreducible representations of the symmetry group
The first step of our construction is to find all irreducible representations of the
spacetime symmetry groups listed in section 2.3 whose dimension is at most four,
so that they can serve as building blocks in order to construct four-dimensional
representations in the next step. For the groups we encounter in cosmology, the
irreducible representations are completely classified, and so it will be sufficient to
list the relevant representations. As argued in section 2.5, it is most convenient to
consider representations on a complex vector space, and to consider those which ad-
mit a restriction to a real vector space later. Following our discussion in section 2.3,
we consider three cases, where the latter two can be grouped together:
(1) For u = 0, the symmetry group is given by the Euclidean group ISO(3). Its
finite-dimensional irreducible representations are uniquely obtained by apply-
ing the method of induced representations to the corresponding irreducible
representations of the rotation group SO(3). The latter are obtained by con-
sidering the (complex) representations of its Lie algebra so(3) ∼= su(2), which
enumerated by their integer or half-integer spin 2s ∈ N and have dimension
2s+ 1. Hence, restricting to at most four-dimensional representations, we find
the restriction 0 ≤ s ≤ 3/2. However, recalling that only the integer spin rep-
resentations of odd dimension can be integrated to group representations of
SO(3), it follows that the only possible choices are s = 0 and s = 1. Explicitly,
we will use these representations in the following form, acting on the generators
of the spacetime symmetry algebra:
(a) Trivial (scalar) representation 0: both rotation and translation generators
Ri and Ti are mapped to 01 ∈ gl(1,C).
(b) Vector representation 1: rotation generators are mapped via
R1 7→

0 0 00 0 −1
0 1 0

 , R2 7→

 0 0 10 0 0
−1 0 0

 , R3 7→

0 −1 01 0 0
0 0 0

 , (34)
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while translation generators Ti are mapped to the zero element 03 ∈ gl(3,C).
(2) In the cases u2 > 0, with symmetry group SO(4) and Lie algebra so(4) ∼=
su(2) ⊕ su(2), and u2 < 0, with symmetry group SO+(1, 3) and Lie algebra
so(1, 3) ∼= sl(2,C), the irreducible representations are most easily obtained from
their common complexification sl(2,C) ⊕ sl(2,C). Its (complex linear) repre-
sentations are labeled by pairs (m,n) of non-negative integers or half-integers,
2m ∈ N and 2n ∈ N, with dimension (2m+1)(2n+1). They can be integrated to
representations of the relevant groups if and only if m+n ∈ N. Hence, up to di-
mension four, we find four irreducible representations (0, 0),
(
1
2 ,
1
2
)
, (1, 0), (0, 1).
Explicit forms of the representation matrices can be obtained, e.g., by using the
spin matrices known from quantum mechanics. In the remaining sections, we
will use the following conventions:
(a) Trivial representation (0, 0): as in the case u = 0, both rotation and trans-
lation generators Ri and Ti are mapped to 01 ∈ gl(1,C).
(b) Vector representation
(
1
2 ,
1
2
)
:
R1 7→ − i
2


0 1 1 0
1 0 0 1
1 0 0 1
0 1 1 0

 , R2 7→ 12


0 1 1 0
−1 0 0 1
−1 0 0 1
0 −1 −1 0

 , R3 7→


i 0 0 0
0 0 0 0
0 0 0 0
0 0 0 −i

 ,
(35a)
T1 7→ iu
2


0 −1 1 0
−1 0 0 1
1 0 0 −1
0 1 −1 0

 , T2 7→ u2


0 1 −1 0
−1 0 0 −1
1 0 0 1
0 1 −1 0

 , T3 7→


0 0 0 0
0 −iu 0 0
0 0 iu 0
0 0 0 0

 .
(35b)
(c) Self-dual and anti-self-dual two-form representations (1, 0) (upper sign) and
(0, 1) (lower sign):
R1 7→ − i√
2

0 1 01 0 1
0 1 0

 , R2 7→ 1√
2

 0 1 0−1 0 1
0 −1 0

 , R3 7→

i 0 00 0 0
0 0 −i

 ,
(36a)
T1 7→ ∓ iu√
2

0 1 01 0 1
0 1 0

 , T2 7→ ± u√
2

 0 1 0−1 0 1
0 −1 0

 , T3 7→ ±

iu 0 00 0 0
0 0 −iu

 .
(36b)
We will make use of these explicit matrix expressions in the following sections, as
they enter the derivation of the cosmologically symmetric tetrads.
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3.1.2. Four-dimensional representations of the symmetry group
We can now use the irreducible representations listed in the previous section in
order to construct all four-dimensional representations of the relevant symmetry
groups. They are given by the following direct sums:
(1) In the case u = 0 we have two possibilities:
(a) The trivial representation: Φ = 0⊕ 0⊕ 0⊕ 0.
(b) The vector representation: Φ = 0⊕ 1.
(2) For u 6= 0, there are four representations:
(a) The trivial representation: Φ = (0, 0)⊕ (0, 0)⊕ (0, 0)⊕ (0, 0).
(b) The vector representation: Φ =
(
1
2 ,
1
2
)
.
(c) The self-dual two-form representation: Φ = (0, 0)⊕ (1, 0).
(d) The anti-self-dual two-form representation: Φ = (0, 0)⊕ (0, 1).
The construction of the block-diagonal representation matrices is straightforward,
and so we will omit their explicit forms here for brevity.
3.1.3. Preservation of the Minkowski metric
Having determined all (complex) four-dimensional representations of the cosmolog-
ical symmetry groups, we must isolate those representations whose image lies inside
the (complexified) Lorentz group
SO(1, 3,C) = {Λ ∈ GL(4,C),ΛtηΛ = η} ∼= SO(4,C) , (37)
where the latter relation stems from the fact that in the complex orthogonal case,
the signature of the metric becomes irrelevant due to the presence of the imaginary
unit. Denoting by Φ any of the four-dimensional representations found in the pre-
ceding section, we thus need to find a transformation matrix P ∈ GL(4,C) such
that
Λu = P
−1
ΦuP ∈ SO(4,C) (38)
for all u ∈ G. Hence, by definition, P must satisfy
η = ΛtuηΛu = P
t
Φ
t
uP
−1 tηP−1ΦuP . (39)
It will turn out to be easier to work with the Lie algebra representations instead.
Denoting by φ and λ the Lie algebra representations induced by Φ and Λ, respec-
tively. In terms of these the condition on P reads
0 = λtξη + ηλξ = P
tφtξP
−1 tη + ηP−1φξP . (40)
for all ξ ∈ g. By a suitable multiplication of this equation by P and its transpose
from either side we can eliminate the inverse of P and obtain the simpler equation
0 = PηP tφtξ + φξPηP
t , (41)
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which is now only quadratic in P , but does not involve its inverse. Finally, note
that it depends on the matrix P˜ = PηP t, which is symmetric and invertible by
construction, and that it is linear in this matrix. Writing the equation for P˜ in the
form
0 = P˜φtξ + φξP˜ , (42)
we see that it simply represents the symmetric, non-degenerate bilinear form pre-
served by Φ. Hence, we need to find the symmetric, invertible matrices P˜ which
satisfy this equation. This is a simple task, and it turns out to yield solutions for all
representations we consider. In particular, we obtain the following bilinear forms.
(1) Trivial representation Φ = 0⊕ 0⊕ 0⊕ 0 or Φ = (0, 0)⊕ (0, 0)⊕ (0, 0)⊕ (0, 0):
In this case any non-degenerate bilinear form is trivially preserved. We may
therefore choose P = 14, and hence Λ = Φ. Obviously, the induced mapping
of the Lie algebra generators is the trivial one
Ri 7→ 0 , Ti 7→ 0 . (43)
(2) In the case u = 0, we also have the non-trivial vector representation Φ =
0 ⊕ 1. Using the representation matrices (34), we find that they preserve any
symmetric, bilinear form of the type
P˜ = diag(a, b, b, b) . (44)
This obviously includes the Minkowski metric a = −1, b = 1, and so we may also
in this case choose P = 14, and hence Λ = Φ. In terms of the generators (33)
of the Lorentz algebra, we may thus write the homomorphism Λ as
Ri 7→ Ji , Ti 7→ 0 . (45)
Note that this is a real homomorphism.
(3) For u 6= 0 and the vector representation Φ = ( 12 , 12), given in matrix form by
the assignment (35), we find that the most general preserved symmetric bilinear
form is given by
P˜ =


0 0 0 a
0 0 −a 0
0 −a 0 0
a 0 0 0

 . (46)
There are different possible choices for the matrix P which satisfy P˜ = PηP t
for some value of a. Keeping in mind that the magnitude of a is not relevant, as
it cancels in the basis transformation, we find that two such choices are given
by the explicit form
P =


0 1 i 0
∓1 0 0 1
±1 0 0 1
0 −1 i 0

 , (47)
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leading to the group homomorphism Λ, whose Lie algebra homomorphism λ is
given by
Ri 7→ Ji , Ti 7→ ±iuKi . (48)
Note that the two choices for the sign we show here are related by the time
reflection, which is a (non-proper) Lorentz transformation sending Ki to −Ki,
but leaving Ji unchanged. Hence, they constitute equivalent representations.
We list both choices here for later convenience. Also observe that these homo-
morphisms are real if and only if u2 < 0.
(4) Finally, the case u 6= 0 admits the two remaining representations Φ = (0, 0)⊕
(1, 0) or Φ = (0, 0) ⊕ (0, 1). It turns out that both of them, using the explicit
representation matrices (36), preserve the most general symmetric bilinear form
P˜ =


a 0 0 0
0 0 0 b
0 0 −b 0
0 b 0 0

 . (49)
A possible basis transformation, which brings the Minkowski metric into this
form and thus holds for both representations, is given by
P =


1 0 0 0
0 −i 1 0
0 0 0 −i√2
0 i 1 0

 (50)
Hence, we find that the obtained homomorphisms can be expressed as
Ri 7→ Ji , Ti 7→ ±uJi , (51)
where the upper sign stands for Φ = (0, 0)⊕ (0, 1), while the lower sign stands
for Φ = (0, 0) ⊕ (1, 0). Note that in this case the homomorphisms are not
equivalent, since they are not related by a Lorentz transformation. They are
real if and only if u2 > 0.
Note that instead of the Lie group homomorphisms and Lie algebra homomorphisms
listed here, one could equivalently use any other choice of homomorphism which
differs only by conjugation with another Lorentz transformation.
3.1.4. Symmetric tetrads in the Weitzenböck gauge
We can now use the homomorphisms found in the previous section and derive solu-
tions to the symmetry condition (26) in the Weitzenböck gauge. Due to the structure
of the homomorphisms we found, it is most useful to proceed in two steps. First, we
determine the most general tetrad in the Weitzenböck gauge which obeys spherical
symmetry. For this step it is sufficient to consider only the rotation generators. Note
that following our discussion in the previous section, the homomorphisms split into
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two classes, either mapping the rotation generators Ri to their counterparts Ji in
the Lorentz algebra, or to the zero elements. For both choices, the most general
symmetric tetrads are known [6]:
(1) In the trivial case Ri 7→ 0, no symmetric tetrads exist due to a topological
obstruction. This follows from the fact that the orbits of the rotation group
are homeomorphic to the sphere S2, and that a symmetric tetrad would in this
case allow to construct a parallelization of S2. However, S2 is not parallelizable,
leading to a contradiction. See [6] for a detailed derivation.
(2) In the non-trivial case Ri 7→ Ji the most general symmetric tetrad reads [6,10]
θ0 = F1 coshF3dt+ F2 sinhF4dr , (52a)
θ1 = sinϑ cosϕ(F1 sinhF3dt+ F2 coshF4dr)
+ F5
[
(cosF6 cosϑ cosϕ− sinF6 sinϕ)dϑ
− sinϑ(cosF6 sinϕ+ sinF6 cosϑ cosϕ)dϕ
]
, (52b)
θ2 = sinϑ sinϕ(F1 sinhF3dt+ F2 coshF4dr)
+ F5
[
(cosF6 cosϑ sinϕ+ sinF6 cosϕ)dϑ
+ sinϑ(cosF6 cosϕ− sinF6 cosϑ sinϕ)dϕ
]
, (52c)
θ3 = cosϑ(F1 sinhF3dt+ F2 coshF4dr)
+ F5
[− cosF6 sinϑdϑ+ sinF6 sin2 ϑdϕ] , (52d)
and is thus parametrized by six functions F1(t, r), . . . ,F6(t, r) of the two coor-
dinates t, r.
Hence, we see that for the trivial homomorphism (43) no symmetric tetrads exist,
and we are left with the non-trivial homomorphisms. We thus use the translation
generators in order to impose cosmological symmetry. Depending on the choice of
the homomorphism, we find the following results:
(1) For the vector case Ti 7→ ±iuKi, we find the solution
F1 = N , F2 = A
χ
, F3 = F4 = ± arcsinh(iur) , F5 = Ar , F6 = 0 , (53)
so that the tetrad reads
θ0 = Nχdt± iuA r
χ
dr , (54a)
θ1 = A
[
sinϑ cosϕ
(
dr ± iuNA rdt
)
+ r cosϑ cosϕdϑ− r sinϑ sinϕdϕ
]
,
(54b)
θ2 = A
[
sinϑ sinϕ
(
dr ± iuNA rdt
)
+ r cosϑ sinϕdϑ+ r sinϑ cosϕdϕ
]
,
(54c)
θ3 = A
[
cosϑ
(
dr ± iuNA rdt
)
− r sinϑdϑ
]
. (54d)
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Note that the two different sign choices can be absorbed by changing the
sign of either N or t, as well as performing a Lorentz transformation Λ =
diag(−1, 1, 1, 1) changing the sign of the tetrad component θ0, and so these are
equivalent geometries.
(2) For the two-form case Ti 7→ ±uJi, a solution is given by
F1 = N , F2 = A
χ
, F5 = Ar , F3 = F4 = 0 , F6 = ∓ arcsin(ur) , (55)
and we find the tetrad
θ0 = Ndt , (56a)
θ1 = A
[
sinϑ cosϕ
χ
dr + r(χ cosϑ cosϕ± ur sinϕ)dϑ
− r sinϑ(χ sinϕ∓ ur cosϑ cosϕ)dϕ
]
, (56b)
θ2 = A
[
sinϑ sinϕ
χ
dr + r(χ cosϑ sinϕ∓ ur cosϕ)dϑ
+ r sinϑ(χ cosϕ± ur cosϑ sinϕ)dϕ
]
, (56c)
θ3 = A
[
cosϑ
χ
dr − rχ sinϑdϑ∓ ur2 sin2 ϑdϕ
]
. (56d)
In this case the different signs correspond to inequivalent geometries, since
the two tetrads are not related by a Lorentz transformation and change of
parametrization.
Here N = N (t) and A = A(t) are free functions of the cosmological time t which
parametrize the solutions.
3.1.5. Symmetric tetrads in the diagonal gauge
Finally, we transform the tetrads we have determined in the Weitzenböck gauge
in the previous section into the diagonal gauge. Observe that both tetrads (54)
and (56) have a common diagonal form
θ′0 = Ndt , θ′1 = A
χ
dr , θ′2 = Ardϑ , θ′3 = Ar sinϑdϕ , (57)
where the parameter u defining the spacetime symmetry group enters only through
the cosmological distance function χ. Here the prime ′ indicates the diagonal gauge.
It is now straightforward to calculate the Lorentz transformations ΛAB which relate
the Weitzenböck and diagonal gauges by solving the relation
θ′Aµ = Λ
A
Bθ
B
µ , (58)
and to calculate the corresponding spin connections
ω′ABµ = Λ
A
C∂µ(Λ
−1)CB . (59)
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We find the following Lorentz transformations and spin connections:
(1) For the tetrads (54) obtained from the vector representation, we find the Lorentz
transformations
ΛAB =


χ ∓iur sinϑ cosϕ ∓iur sinϑ sinϕ ∓iur cosϑ
∓iur χ sinϑ cosϕ χ sinϑ sinϕ χ cosϑ
0 cosϑ cosϕ cosϑ sinϕ − sinϑ
0 − sinϕ cosϕ 0

 . (60)
The non-vanishing coefficients of the corresponding spin connections read
ω′12ϑ = −ω′21ϑ = −χ , ω′13ϕ = −ω′31ϕ = −χ sinϑ , ω′23ϕ = −ω′32ϕ = − cosϑ ,
ω′01r = ω
′1
0r = ∓ iu
χ
, ω′02ϑ = ω
′2
0ϑ = ∓iur , ω′03ϕ = ω′30ϕ = ∓iur sinϑ .
(61)
Note that changing the sign in the solution has two effects here. Recall that for
the tetrad (54) it corresponds to a combination of a global Lorentz transfor-
mation, which changes the sign of θ0, together with a change of sign either of
the lapse function N or the time coordinate t. While the former, being a global
Lorentz transformation, does not affect the spin connection, the latter changes
the sign of the basis vector θ′0 in the diagonal tetrad (57), and hence the sign
of all components involving a 0-index in the spin connection (61).
(2) For the tetrads (56) obtained from the two-form representations, the diagonal-
izing Lorentz transformations are given by
ΛAB =


1 0 0 0
0 sinϑ cosϕ sinϑ sinϕ cosϑ
0 χ cosϑ cosϕ± ur sinϕ χ cosϑ sinϕ∓ ur cosϕ −χ sinϑ
0 ±ur cosϑ cosϕ− χ sinϕ χ cosϕ± ur cosϑ sinϕ ∓ur sinϑ

 . (62)
This yields the non-vanishing spin connection coefficients
ω′13ϕ = −ω′31ϕ = −χ sinϑ , ω′23r = −ω′32r = ±u
χ
, ω′23ϕ = −ω′32ϕ = − cosϑ ,
ω′12ϑ = −ω′21ϑ = −χ , ω′12ϕ = −ω′21ϕ = ±ur sinϑ , ω′13ϑ = −ω′31ϑ = ∓ur .
(63)
One could now use the obtained tetrads and calculate further geometric quantities
such as the coefficients Γµνρ of the affine connection, its torsion and contortion.
However, it is instructive to proceed differently here. Instead of calculating the
affine connection from the tetrads, we will show in the following sections that it
can also be obtained directly by imposing cosmological symmetry on a metric-affine
geometry, and establish teleparallelism after this step, and that this approach fully
recovers the tetrads we have found above. We will use these independent approaches
to obtain the connection coefficients in section 3.2 and the torsion and contortion
in section 3.3 below.
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3.2. Metric-affine approach
The second approach we consider may be coined the “metric-affine approach”, since
it consists in first determining the most general metric-affine geometry with cos-
mological symmetry, and then further restricting this geometry by imposing the
teleparallel conditions. We outline this construction in the following steps. In sec-
tion 3.2.1, we review the most general cosmologically symmetric metric-affine ge-
ometry, and introduce a few helpful quantities which will be used in the remaining
sections. We then impose the conditions of metricity in section 3.2.2 and flatness
in section 3.2.3. This will yield us the teleparallel affine connection. To obtain the
tetrad and spin connection, we first choose a diagonal tetrad in section 3.2.4, whose
spin connection we determine by imposing the tetrad postulate, and then transform
the result into the Weitzenböck gauge in section 3.2.5.
3.2.1. Cosmologically symmetric metric-affine geometry
It is well known that the most general metric of Lorentzian signature which satisfies
the cosmological symmetry outlined in section 2.3 is the Robertson-Walker metric
gtt = −N 2 , grr = A
2
χ2
, gϑϑ = A2r2 , gϕϕ = gϑϑ sin2 ϑ , (64)
which is parametrized by the lapse N (t) and scale factor A(t). It allows us to intro-
duce a few helpful quantities, which will be useful in the remaining derivation. First,
note that together with the choice of an orientation, the metric defines a volume
form expressed by the totally antisymmetric Levi-Civita tensor with components
ǫtrϑϕ =
NA3r2 sinϑ
χ
, ǫtrϑϕ = − χNA3r2 sinϑ . (65)
Further, we denote by N the future pointing, unit vector field normal to the spatial
hypersurfaces, and by n its dual covector field, given by
N = Nµ∂µ =
1
N ∂t , n = nµdx
µ = −Ndt . (66)
They satisfy the relations
N ¬ n = g(N,N) = g−1(n, n) = −1 , (67)
and their components are identical up to raising and lowering indices with the
metric, Nµ = nµ and Nµ = nµ. On the spatial hypersurfaces we have the induced
metric
h = g + n⊗ n = A2
[
dr ⊗ dr
χ2
+ r2(dϑ⊗ dϑ+ sin2 ϑdϕ⊗ dϕ)
]
. (68)
Together with the chosen orientation and time orientation, we can construct the
volume form on the hypersurfaces in terms of the spatial Levi-Civita tensor
εµνρ = n
σǫσµνρ , ǫµνρσ = 4ε[µνρnσ] . (69)
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Its components are given by
εrϑϕ =
A3r2 sinϑ
χ
, εrϑϕ =
χ
A3r2 sinϑ , (70)
while the remaining components are determined by its antisymmetry.
In addition to the metric we have the most general affine connection with cos-
mological symmetry, which can be written in the form [10,13]
Γttt = K1 , Γtrr = K2
χ2
, Γtϑϑ = K2r2 , Γtϕϕ = K2r2 sin2 ϑ ,
Γϑrϑ = Γ
ϑ
ϑr = Γ
ϕ
rϕ = Γ
ϕ
ϕr =
1
r
, Γϕϑϕ = Γ
ϕ
ϕϑ = cotϑ , Γ
ϑ
ϕϕ = − sinϑ cosϑ ,
Γrϑϑ = −rχ2 , Γrϕϕ = −rχ2 sin2 ϑ , Γrϕϑ = −Γrϑϕ = K5r2χ sinϑ ,
Γrtr = Γ
ϑ
tϑ = Γ
ϕ
tϕ = K3 , Γrrt = Γϑϑt = Γϕϕt = K4 , Γrrr = u
2r
χ2
,
Γϑrϕ = −Γϑϕr = K5 sinϑ
χ
, Γϕrϑ = −Γϕϑr = − K5
χ sinϑ
, (71)
and hence depends on five parameter functions K1(t), . . . ,K5(t).
3.2.2. Metricity condition
The next step in order to obtain a teleparallel geometry with cosmological symmetry
is to impose the metricity condition (7) on the general cosmologically symmetric
metric-affine geometry derived above. In terms of the unit normal covector field
and spatial metric, we find that the nonmetricity is given by
Qρµν = 2Q1nρnµnν + 2Q2nρhµν + 2Q3hρ(µnν) , (72)
where the three scalar quantities Q1(t), . . . ,Q3(t) are expressed in terms of the
parameter functions in the metric and affine connection as
Q1 = N˙N 2 −
K1
N , Q2 =
1
N
(
K4 − A˙A
)
, Q3 = K3N −
K2N
A2 . (73)
It thus follows that the connection is metric-compatible, Qµνρ = 0, if and only if
K1N − N˙ = K4A− A˙ = K2N 2 −K3A2 = 0 , (74)
which fully determines K1 and K4 in terms of the parameter functions N and A of
the metric, giving
K1 = N˙N , K4 =
A˙
A , (75)
and establishes that K2 and K3 must be proportional to each other, with a positive
factor A2/N 2 imposed by the condition that the metric is of Lorentzian signa-
ture. In the remainder of this section we will therefore restrict our attention to
connections for which these conditions are satisfied.
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3.2.3. Flatness condition
To further restrict the connections under consideration, we now impose the flatness
condition (8). Observe that the curvature of the general cosmologically symmetric
connection is given by
Rµνρσ = 2
K3(K4 −K1) + K˙3
N 2 nνn[ρhσ]µ − 2
K3K5
NA nνεµρσ
+ 2
K2(K4 −K1)− K˙2
A2 nµn[ρhσ]ν − 2
K˙5
NAεµν[ρnσ]
+ 2
K2K5N
A3 nµενρσ + 2
u2 +K2K3 −K25
A2 hµ[ρhσ]ν ,
(76)
and so the connection is flat if and only if
0 = K˙5 = K2K5 = K3K5 = u2 +K2K3 −K25
= K3(K4 −K1) + K˙3 = K2(K4 −K1)− K˙2 . (77)
To determine the flat, metric-compatible connections it is helpful to first eliminate
K1 and K4 using the metricity condition (75), and then to solve the remaining
equations. This is most easily done by distinguishing two cases:
(1) u = 0: In this case we have the condition K2K3 = K25, so either both sides
are vanishing or non-vanishing. However, from K2K5 = K3K5 = 0 follows that
K5 = 0 or K2 = K3 = 0. Hence, the only option is K5 = K2K3 = 0. Therefore, at
least one of K2 or K3 must vanish. From metric compatibility follows that if one
of them vanishes, so does the other, and so the only possibility is K2 = K3 = 0.
(2) u 6= 0: We can distinguish two cases:
(a) K5 6= 0: From K2K5 = K3K5 = 0 follows K2 = K3 = 0. Hence, K5 = ±u,
and the remaining equations are satisfied. The connection is real if and
only if u is real, and so u2 > 0.
(b) K5 = 0: Now one has K2K3 = −u2 6= 0. Together with metric compatibility
this yields
K2 = ±iuAN , K3 = ±iu
N
A , (78)
where the same sign must be chosen for both terms. Note that this is real
only if u is imaginary and hence u2 < 0.
The conditions of metricity and flatness thus completely determine the parameter
functions K1, . . . ,K5 in the affine connection, up to choosing one of two discrete
branches in the case u 6= 0, where only one of them is real, depending on the sign
of u2. One further sees that the formulas determining the connection derived for
the two branches with u 6= 0 also hold in the case u = 0, where they jointly reduce
to K2 = K3 = K5 = 0 for both branches, so that we do not need to treat this case
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separately, as it is already included as a limiting case. In summary, we find that the
non-vanishing connection coefficients are given by
Γttt =
N˙
N , Γ
r
rt = Γ
ϑ
ϑt = Γ
ϕ
ϕt =
A˙
A , Γ
r
rr =
u2r
χ2
,
Γϑrϑ = Γ
ϑ
ϑr = Γ
ϕ
rϕ = Γ
ϕ
ϕr =
1
r
, Γrϑϑ = −rχ2 , Γrϕϕ = −rχ2 sin2 ϑ ,
Γϕϑϕ = Γ
ϕ
ϕϑ = cotϑ , Γ
ϑ
ϕϕ = − sinϑ cosϑ , (79)
which are identical for both branches, and for u 6= 0 in addition either the compo-
nents
Γrϕϑ = −Γrϑϕ = ±ur2χ sinϑ ,
Γϑrϕ = −Γϑϕr = ±u sinϑ
χ
, Γϕrϑ = −Γϕϑr = ∓u
χ sinϑ
, (80)
or the components
Γtrr = ±iu ANχ2 , Γ
t
ϑϑ = ±iuAN r
2 , Γtϕϕ = ±iuAN r
2 sin2 ϑ ,
Γrtr = Γ
ϑ
tϑ = Γ
ϕ
tϕ = ±iuNA (81)
are non-vanishing, depending on the choice of the branch.
3.2.4. Symmetric tetrads in the diagonal gauge
Having calculated the most general metric and flat, metric-compatible affine con-
nection with cosmological symmetry, we can now determine the most general tetrad
and spin connection representing this metric-affine geometry. It is the virtue of the
symmetry definition outlined in section 2.2 that any tetrad giving the metric (64),
together with the unique spin connection
ωABρ = eB
ν
(
θAµΓ
µ
νρ − ∂ρθAν
)
(82)
which satisfies the relation (6) for the chosen tetrad and the affine connection (71),
will satisfy the symmetry conditions for the cosmological symmetry. Hence, to deter-
mine the most general combination of a tetrad and corresponding spin connection,
it is sufficient to choose one particular tetrad yielding the cosmologically symmet-
ric metric, determine its corresponding spin connection, and then the most general
tetrad is obtained by applying all possible Lorentz transformations to this pair. The
easiest possible choice for this initial tetrad is the diagonal tetrad (57). Inserting
this tetrad together with the cosmologically symmetric connection (71) displayed
in section 3.2.1 into the relation (82) yields the non-vanishing components of the
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general, cosmologically symmetric spin connection
ω′00t = K1 − N˙N , ω
′1
1t = ω
′2
2t = ω
′3
3t = K4 − A˙A , (83a)
ω′01r =
NK2
Aχ , ω
′0
2ϑ =
NK2r
A , ω
′0
3ϕ =
NK2r sinϑ
A , (83b)
ω′10r =
AK3
Nχ , ω
′2
0ϑ =
AK3r
N , ω
′3
0ϕ =
AK3r sinϑ
N , (83c)
ω′21ϕ = −ω′12ϕ = K5r sinϑ , ω′13ϑ = −ω′31ϑ = K5r , ω′32r = −ω′23r = K5
χ
,
(83d)
ω′21ϑ = −ω′12ϑ = χ , ω′31ϕ = −ω′13ϕ = χ sinϑ , ω′32ϕ = −ω′23ϕ = cosϑ .
(83e)
Imposing the metric compatibility conditions derived in section 3.2.2, we see that
the diagonal components (83a) vanish identically, while the two triples (83b)
and (83c) become equal, so that the spin connection becomes antisymmetric. Fi-
nally, from imposing the flatness conditions derived in section 3.2.3, we find the
following two branches:
(1) In the case K2 = K3 = 0 and K5 = ±u, the components (83b) and (83c) vanish
identically, while the only non-vanishing components (83d) and (83e) yield the
spin connection (63) which we obtained from the two-form representations.
(2) Choosing the branch K5 = 0 together with the condition (78) instead, we find
that the components (83d) vanish identically, while the remaining components
reproduce the spin connection (61) obtained from the vector representation.
Note that also here we do not need to treat the case u = 0 separately, as it appears
as the joint limiting case, in which only the components (83e) are non-vanishing.
Hence, we arrive at the same result for the cosmologically symmetric spin con-
nections in the diagonal gauge as from the representation theoretic approach in
section 3.1.5.
3.2.5. Symmetric tetrads in the Weitzenböck gauge
To complete our construction of the most general cosmologically symmetric geome-
tries following the metric-affine approach, and fully recover the tetrads displayed
in section 3.1.4 in the Weitzenböck gauge, we still need to find a local Lorentz
transformation to transform each of the teleparallel branches of the cosmologically
symmetric spin connection (83) to a vanishing one. However, this task is trivially
solved by realizing that the spin connections we obtained in section 3.2.4 are the
same as in section 3.1.5, and so the Lorentz transformations (60) and (62) satisfy
this purpose, leading to the tetrads (54) and (56) in the Weitzenböck gauge. Hence,
we reproduce the result obtained in section 3.1.4, which finally proves the full equiv-
alence of the two approaches. Note that the Weitzenböck gauge can equivalently
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be obtained by applying a global Lorentz transformation in addition to the local
Lorentz transformation (60) or (62) for the chosen branch. The resulting tetrad in
the Weitzenböck gauge then also differs from the corresponding tetrad (54) or (56).
Also this is consistent with the approach in section 3.1, since the homomorphisms Λ
we employed are unique only up to conjugation by a global Lorentz transformation.
3.3. Irreducible torsion decomposition approach
We finally come to the third approach, which is based on an irreducible decom-
position of the torsion tensor, which is the only tensorial quantity characterizing
the teleparallel geometry besides the metric tensor. We briefly review this decom-
position and introduce the notation we use in section 3.3.1. We then impose cos-
mological symmetry on the irreducible components in section 3.3.2, showing that
they are fully determined by a scalar and a pseudo-scalar function of time. In sec-
tion 3.3.3, we derive the corresponding affine connection, and impose its flatness
in section 3.3.4. This step will finally prove that we obtain the same connection as
from the metric-affine approach shown in section 3.2, so that the same procedure
can be used to calculate the symmetric tetrads and spin connections.
3.3.1. Irreducible torsion decomposition
The third and last approach we present here makes use of the fact that the torsion
tensor, due to its antisymmetry in the last two indices, decomposes into three
irreducible parts in the form [11]
T µνρ = V
µ
νρ + A
µ
νρ + T
µ
νρ , (84)
where the three parts are uniquely determined by the conditions
Aννµ = T
ν
νµ = 0 , V[µνρ] = T[µνρ] = 0 . (85)
They can explicitly be determined by defining
vµ = T
ν
νµ , V
µ
νρ =
2
3
δµ[νvρ] , (86a)
aµ =
1
6
ǫµνρσT
νρσ , Aµνρ = ǫµνρσa
σ , (86b)
tµνρ = T(µν)ρ +
1
3
(
T σσ(µgν)ρ − T σσρgµν
)
, Tµνρ =
4
3
tµ[νρ] , (86c)
where vµ and aµ are a vector and pseudo-vector, each having four independent
components, while the tensor tµνρ satisfies the conditions
t[µν]ρ = t(µνρ) = 0 , t
ν
νµ = t
ν
µν = tµν
ν = 0 , (87)
and therefore has 16 independent components. We will make use of this decomposi-
tion in order to determine the most general cosmologically symmetric torsion tensor,
and in turn the most general cosmologically symmetric teleparallel geometry.
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3.3.2. Cosmologically symmetric torsion
In the next step we apply the condition of cosmological symmetry, i.e., homogeneity
and isotropy, to the irreducible components of the torsion tensor displayed above,
i.e., we demand that their Lie derivatives with respect to the cosmological symmetry
generators (29) and (30) vanish. For the vector vµ and the pseudo-vector aµ this
condition implies that they must be proportional to the time direction, represented
by the unit normal vector nµ, so that
vµ = 3T1nµ , Vµνρ = 2T1hµ[νnρ] , (88a)
aµ = −2T2nµ , Aµνρ = 2T2εµνρ , (88b)
where T1 and T2 are functions of the cosmological time coordinate t only, and the
constant numerical factors are chosen for later convenience [14]. For the tensor com-
ponent tµνρ, the cosmological symmetry together with the conditions (87) implies
that this contribution to the torsion tensor must vanish identically. Hence, the most
general cosmologically symmetric torsion tensor is given by
Tµνρ = 2T1hµ[νnρ] + 2T2εµνρ , (89)
where T1(t) is a scalar function, while T2(t) is a pseudo-scalar function with respect
to spatial reflection.
3.3.3. Contortion and connection coefficients
Following the mathematical preliminaries summarized in section 2.1, we can now
uniquely determine the coefficients Γµνρ of the teleparallel affine connection from
the cosmologically symmetric torsion (89). For this purpose, we first make use of
the relation (11) to calculate the contortion, which reads
Kµνρ = 2T1hρ[µnν] − T2εµνρ . (90)
Together with the Levi-Civita connection of the metric (64), whose non-vanishing
components are given by
◦
Γttt =
N˙
N ,
◦
Γrtr = Γ
ϑ
tϑ = Γ
ϕ
tϕ = Γ
r
rt = Γ
ϑ
ϑt = Γ
ϕ
ϕt =
A˙
A ,
◦
Γtrr =
AA˙
N 2χ2 ,
◦
Γtϑϑ =
AA˙
N 2 r
2 ,
◦
Γtϕϕ =
AA˙
N 2 r
2 sin2 ϑ ,
◦
Γrrr =
u2r
χ2
,
◦
Γϑrϑ = Γ
ϑ
ϑr = Γ
ϕ
rϕ = Γ
ϕ
ϕr =
1
r
,
◦
Γϕϑϕ = Γ
ϕ
ϕϑ = cotϑ ,
◦
Γϑϕϕ = − sinϑ cosϑ ,
◦
Γrϑϑ = −rχ2 ,
◦
Γrϕϕ = −rχ2 sin2 ϑ , (91)
we find that the connection is of the cosmologically symmetric form (71), as one
would expect, and that the parameter functions are given by
K1 = N˙N , K2 =
AA˙
N 2 −
A2T1
N , K3 =
A˙
A −NT1 , K4 =
A˙
A , K5 = AT2 . (92)
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Note that, by construction, the connection is metric-compatible, and so it satis-
fies the metricity conditions (74). Hence, the resulting geometry belongs to the
class of Riemann-Cartan spacetimes. However, in this general form it still has also
curvature, and is thus not yet teleparallel.
3.3.4. Flatness condition
We finally need to restrict the class of metric-compatible connections with coef-
ficients (92) to those which satisfy the flatness conditions (77). The procedure is
identical to that detailed in section 3.2.3, and so we will only summarize the impli-
cations for the parameter functions T1 and T2, using the same distinction between
different cases.
(1) u = 0: In this case we have K2 = K3 = K5 = 0. The parameter functions are
therefore given by
T1 = A˙NA , T2 = 0 . (93)
(2) u 6= 0: We can distinguish two cases:
(a) K5 6= 0: In this case we have K2 = K3 = 0 and K5 = ±u, so that the
parameter functions are given by
T1 = A˙NA , T2 = ±
u
A . (94)
(b) K5 = 0: From the condition (78) follow immediately the parameter func-
tions
T1 = A˙NA ±
iu
A , T2 = 0 . (95)
Inserting the obtained values of the parameter functions for the different branches
into the relations (92), we obtain the same connections which we have already deter-
mined in section 3.2.3. One can thus apply the same procedure as in sections 3.2.4
and 3.2.5 in order to determine the symmetric tetrads and spin connections. We
will not repeat these steps here, and conclude this section by stating that the result
we obtained shows once more the mutual consistency of the three approaches we
presented here.
4. Coordinate transformations
The family of cosmological symmetries detailed in section 2.3 is invariant under a
number of coordinate transformations. Hence, the same invariance is also inherited
by the cosmological teleparallel geometries we discuss. The aim of this section is to
briefly review these transformations and to display their actions on the two branches
of teleparallel geometries we presented. In particular, we discuss the change of
the time coordinate in section 4.1, the global spatial rescaling in section 4.2 and
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discrete spatial reflections in section 4.3. Finally, we discuss a coordinate change of
a different nature, which we still subsume under this section, since it makes use of
the same mathematics: in section 4.4, we transform our teleparallel geometries to
hyperspherical coordinates, in order to demonstrate their relation to earlier results.
4.1. Change of the time coordinate
We start by discussing how the teleparallel geometries presented in section 3, which
are parametrized by the cosmological symmetry parameter u, the lapse function
N (t) and scale factor A(t), are related to each other by a change of the time
coordinate t 7→ t˜(t). The aim of this section is mostly illustrative. It is obvious that
the generating vector fields (29) and (30) retain their form under this family of
coordinate transformation, which also manifests itself in the fact that they commute
with any vector field X = Xt(t)∂t generating infinitesimal changes of the time
coordinate. Writing the transformation of the tetrad components as
θ˜A(x˜(x)) = θ˜Aµ(x˜(x)) dx˜
µ = θAµ(x) dx
µ = θA(x) , (96)
one immediately reads off from the tetrads (54) and (56) in the Weitzenböck gauge
the relation
N˜ (t˜(t)) dt˜ = N (t) dt ⇒ N˜ (t˜(t)) =
(
∂t˜
∂t
)−1
N (t) , (97)
showing that the lapse is the component of a covector, while the scale factor trans-
forms as a scalar, A˜(t˜(t)) = A(t), i.e., it is unchanged up to a change of its de-
pendence on the now different time coordinate. This if of course the well-known
transformation behavior of the lapse and scale factor of a Robertson-Walker met-
ric (64), which therefore fully describes also the change of the teleparallel geometry
under a change of the time coordinate.
We finally remark that this relation does not depend on the choice of the Lorentz
gauge, i.e., it retains its form also in any other gauge besides the Weitzenböck gauge.
This holds true in particular also for the diagonal gauge. Indeed, one finds that the
same relation (97) for the transformation of the lapse function is also obtained from
the diagonal tetrad (57). Note that in this case also the coordinate transformation
of the non-trivial spin connection must be taken into account; however, for the two
branches (61) and (63) the spin connection is invariant under a change of the time
coordinate.
4.2. Constant rescaling of the radial coordinate
In cosmology it is most common to describe the spatially non-flat case in coordinates
which are chosen such that the curvature parameter satisfies |k| = |u2| = 1. For the
teleparallel geometries we derived, we have not made use of this normalization, and
kept u arbitrary instead, in order to show that this yields two continuous families
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of geometries which intersect at the common value u = 0. It is worth mentioning
that these different normalizations are related by a rescaling
x 7→ x˜ , (t, r, ϑ, ϕ) 7→ (t˜, r˜, ϑ˜, ϕ˜) =
(
t,
r
c
, ϑ, ϕ
)
. (98)
of the radial coordinate by a positive constant c. It follows that the non-vanishing
components of the Jacobian are given by
∂t˜
∂t
=
∂ϑ˜
∂ϑ
=
∂ϕ˜
∂ϕ
= 1 ,
∂r˜
∂r
=
1
c
. (99)
Under this transformation the rotation generators (29) retain their coordinate ex-
pressions, while the translation generators transform as
T˜i(x˜(x)) = T˜
µ
i (x˜(x))∂˜µ = cT
µ
i (x)∂µ = cTi(x) , (100)
where
T˜1 = χ˜ sinϑ cosϕ∂r˜ +
χ˜
r˜
cosϑ cosϕ∂ϑ − χ˜ sinϕ
r˜ sinϑ
∂ϕ , (101a)
T˜2 = χ˜ sinϑ sinϕ∂r˜ +
χ˜
r˜
cosϑ sinϕ∂ϑ +
χ˜ cosϕ
r˜ sinϑ
∂ϕ , (101b)
T˜3 = χ˜ cosϑ∂r˜ − χ˜
r˜
sinϑ∂ϑ (101c)
and
χ˜(r˜) =
√
1− u˜2r˜2 =
√
1− u2r2 = χ(r) , u˜ = cu . (102)
Their commutators accordingly take the form
[T˜i, T˜j] = [cTi, cTj] = c
2u2ǫijkRk = u˜
2ǫijkRk . (103)
Using this transformation rule for u, and writing the transformation of the tetrad
again as (96), we have
N˜ (t) = N (t) , A˜(t) = cA(t) , (104)
since A˜r˜ = Ar, so that now A transforms as the component of a one-form, as
expected. Again, this does not depend on the choice of the Lorentz gauge.
4.3. Spatial reflection
In section 2.3, we have defined cosmological symmetry as invariance of the geometry
under the action of a connected Lie group, which is generated by six vector fields.
We now extend this notion by also including reflections. This leads to the following
non-connected symmetry groups:
(1) For u2 > 0, we extend the symmetry group from SO(4) to O(4).
(2) For u2 = 0, we similarly extend the symmetry group from ISO(3) to IO(3).
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(3) For u2 < 0, the situation is slightly different, since we extend the symmetry
group from SO0(1, 3) to the orthochronous (but not spatially orientation pre-
serving) Lorentz group SO↑(1, 3). This is due to the fact that in this case the
orbits of the symmetry group, which are the constant time t hypersurfaces of
the spacetime manifold, are diffeomorphic to the connected component of a hy-
perbolic space, and time reflections would map between two different connected
components of this space.
Due to the homogeneity established by the translation generators (30), reflection
symmetry can be implemented by considering reflections preserving an arbitrary
spacetime point, and so without loss of generality we choose the coordinate origin
r = 0 as the most simple choice. A point reflection would then be obtained by the
coordinate transformation ϑ 7→ π − ϑ, ϕ 7→ ϕ+ π. However, note that the latter is
simply a rotation around the polar axis, which is already included in the connected
part of the cosmological symmetry group. Hence, we will omit it here and restrict
ourselves to the equatorial reflection
x 7→ x˜ , (t, r, ϑ, ϕ) 7→ (t˜, r˜, ϑ˜, ϕ˜) = (t, r, π − ϑ, ϕ) . (105)
We find that the non-vanishing components of the Jacobian are given by
∂t˜
∂t
=
∂r˜
∂r
=
∂ϕ˜
∂ϕ
= 1 ,
∂ϑ˜
∂ϑ
= −1 , (106)
so that we obtain the following transformation rules for any tensor fields and con-
nection coefficients:
(1) If the number of coordinate indices ϑ on a tensor field of connection coefficient
is odd, a factor −1 is incurred.
(2) Due to the coordinate change ϑ 7→ π − ϑ, all occurrences of cosϑ are replaced
by − cos ϑ˜, while sinϑ is retained as sin ϑ˜. This also propagates to constructed
triangular functions such as tanϑ or cotϑ.
We can now apply these transformations to the cosmologically symmetric telepar-
allel geometries we have constructed. This is most easily done for the tetrads in the
Weitzenböck gauge which we derived in section 3.1.4. We find the following results:
(1) The tetrads (54) obtained from the vector representation are invariant, ex-
cept for the last component θ3, which incurs a factor −1. This factor, how-
ever, can be absorbed into a (non-proper) global Lorentz transformation
Λ = diag(1, 1, 1,−1), and so the geometry is invariant under reflections.
(2) For the tetrads (56) obtained from the self-dual and anti-self-dual two-form
representations, we find that all terms containing a factor u change their sign,
except for the last component θ3, which in addition incurs a global factor −1
on all terms. While the latter can again be absorbed into a global Lorentz
transformation as in the vector case, this is not possible for the former. Instead,
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a reflection changes a tetrad obtained from the self-dual two-form representation
to an anti-self-dual one and vice versa, and these are inequivalent geometries.
Note that we can see these findings also in other geometric objects we derived:
(1) In the diagonal gauge derived in section 3.1.5, we see that the tetrad (57) is
invariant up to a global Lorentz transformation Λ = diag(1, 1,−1, 1), changing
the sign of the component θ′2. Applying the same Lorentz transformation to
the non-vanishing spin connection changes the sign of each component carrying
an odd number of indices 2. For the spin connections (61) this transformation
exactly cancels all factors incurred from the reflection, hence confirming the
invariance of the geometry. This is not the case for the spin connections (63),
where all terms involving u incur a factor −1, which cannot be absorbed into
a Lorentz transformation, and relates the two inequivalent two-form represen-
tations.
(2) For the general cosmologically symmetric metric-affine geometry discussed in
section 3.2.1, we see that the FLRW metric (64) is invariant under reflections,
while in the affine connection (71) all components involving the parameter
function K5 change their sign. Hence, this connection is invariant if and only if
K5 = 0. By comparison with the values of the parameter functions derived in
section 3.2.3, we find that this is the case for the branch corresponding to the
vector representation, while for the two-form representations we have K5 = ±u.
(3) Following the irreducible decomposition of the torsion tensor displayed in sec-
tion 3.3.1, one easily checks that the components of the axial part Aµνρ of
the cosmologically symmetric torsion change their sign under a spatial reflec-
tion, while the remaining vector and tensor parts are invariant. This can be
seen most easily from the form (88), which shows that the vector part Vµνρ
is non-vanishing only if hµν carries either two or zero indices ϑ, while Vµνρ is
non-vanishing only if εµνρ carries exactly one index ϑ. Hence, the cosmologi-
cally symmetric torsion (89) is invariant under spatial reflections if and only if
T2 = 0. Comparing with the relations (92), we see that this is the case if and
only if K5 = 0, which agrees with our previous findings.
Note that in teleparallel gravity theories which are symmetric under parity trans-
formations, one would expect that spatial reflections have no effect on the result-
ing dynamics. However, it is also possible to construct teleparallel gravity theories
which include parity-violating terms in their action, and for these one would expect
different dynamics to arise from the use of the presented inequivalent tetrads.
4.4. Solution in hyperspherical coordinates
Though most of the literature on teleparallel cosmology makes use of either spherical
coordinates as we have used so far, or Cartesian coordinates in case of a spatially
flat geometry, there are also works which make use of hyperspherical coordinates
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instead. Using our conventions and notation these can most easily be defined as
r = Su(ψ) = ψ sinc(uψ) =
∞∑
n=0
(−1)nu2nψ2n+1
(2n+ 1)!
, (107)
where
sincx =
{
sin x
x
x 6= 0 ,
1 x = 0 .
(108)
Using their convenient property
dr
χ
= dψ , χ∂r = ∂ψ , χ = Cu(ψ) = S
′
u(ψ) , (109)
the diagonal tetrad (57) becomes
θ′0 = Ndt , θ′1 = Adψ , θ′2 = ASu(r)dϑ , θ′3 = ASu(r) sin ϑdϕ , (110)
while in the Weitzenböck gauge we have the vector tetrad (54) represented as
θ0 = NCdt± iuASdψ , (111a)
θ1 = A
[
sinϑ cosϕ
(
Cdψ ± iuNA Sdt
)
+ S cosϑ cosϕdϑ− S sinϑ sinϕdϕ
]
,
(111b)
θ2 = A
[
sinϑ sinϕ
(
Cdψ ± iuNA Sdt
)
+ S cosϑ sinϕdϑ+ S sinϑ cosϕdϕ
]
,
(111c)
θ3 = A
[
cosϑ
(
Cdψ ± iuNA Sdt
)
− S sinϑdϑ
]
, (111d)
as well as the two-form case (56) given by
θ0 = Ndt , (112a)
θ1 = A
[
sinϑ cosϕdψ + S(C cosϑ cosϕ± uS sinϕ)dϑ
− S sinϑ(C sinϕ∓ uS cosϑ cosϕ)dϕ
]
, (112b)
θ2 = A
[
sinϑ sinϕdψ + S(C cosϑ sinϕ∓ uS cosϕ)dϑ
+ S sinϑ(C cosϕ± uS cosϑ sinϕ)dϕ
]
, (112c)
θ3 = A [cosϑdψ − CS sinϑdϑ∓ uS2 sin2 ϑdϕ] , (112d)
using the abbreviations S = Su(ψ) and C = Cu(ψ). Among the latter we indeed
find the solution derived in [8].
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5. Cosmological dynamics
In order to demonstrate the use of the cosmological teleparallel geometries we de-
rived on the previous sections, we now study the cosmological dynamics which arises
from inserting the different tetrads and spin connections into the field equations of
different teleparallel gravity theories. We start by discussing the general form of the
cosmological field equations in the covariant formulation of teleparallel gravity in
section 5.1. We then apply these considerations to two general classes of teleparallel
gravity theories in section 5.2 and derive their cosmological field equations.
5.1. General considerations
Following the covariant approach to teleparallel gravity [4], the dynamical fields
mediating the gravitational interaction are the tetrad θAµ and the spin connec-
tion ωABµ, while matter fields Ψ
I are minimally coupled to the metric induced by
the tetrad and its Levi-Civita connection only. Assuming that there are no further,
non-minimally coupled fields, the action thus takes the form
S[θ, ω,Ψ] = Sg[θ, ω] + Sm[θ,Ψ] , (113)
where Sg and Sm denote the gravitational and matter parts, respectively. Variation
of the former with respect to the tetrad yields the Euler-Lagrange expressions EA
µ,
while variation of the latter yields the energy-momentum tensor −ΘAµ, so that,
after lowering the second index and transforming the first index into a spacetime
index using the tetrad, the field equations take the general form
Eµν = Θµν . (114)
Further, from the assumption that matter couples minimally to the metric only
follows that the matter action is locally Lorentz invariant, and hence the energy-
momentum tensor is symmetric, Θ[µν] = 0. For the gravitational part, local Lorentz
invariance implies that variation of the field action with respect to the (flat) spin
connection yields the antisymmetric part of the tetrad field equations, which are
in general non-trivial. Hence, the total field equations split into a symmetric and
antisymmetric part,
E(µν) = Θµν , E[µν] = 0 . (115)
The cosmological symmetry we study here significantly restricts the possible form
of these two constituents. For the energy-momentum tensor, it mandates the perfect
fluid form
Θµν = (ρ+ p)nµnν + pgµν = ρnµnν + phµν (116)
with matter density ρ and pressure p. For the gravitational part, it similarly follows
that the symmetric part must be of the form
E(µν) = Nnµnν + Hhµν , (117)
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where N(t) and H(t) depend on the particular choice of the action, and can be
expressed in terms of the parameter functions determining the cosmologically sym-
metric tetrad, while the antisymmetric part vanishes identically, E[µν] ≡ 0 [6]. The
cosmological field equations then simply read
N = ρ , H = p . (118)
It is instructive to calculate these two functions for a number of example theories
and for the two tetrad branches we derived here. For this purpose it is most useful
to write the torsion in the form (89) in terms of the scalar T1 and the pseudo-scalar
T2, whose values for the different branches of cosmologically symmetric teleparallel
geometries are given in section 3.3.4. Further, we will set |u| = 1 for the two spatially
non-flat cases, and consider only the real solution branch for either sign of u2, in
order to obtain a real action. Finally, realizing that
A˙
NA =
LnA
A = H (119)
is the Hubble parameter, we will thus consider the cases
T1 = H , T2 = 0 (120)
for spatially flat FLRW spacetime,
T1 = H , T2 = ± 1A (121)
for positive spatial curvature k = 1, as well as
T1 = H ± 1A , T2 = 0 (122)
for negative spatial curvature k = −1. Also, for simplicity, we will make use of
the time reparametrization freedom discussed in section 4.1, and use the common
cosmological time coordinate defined byN ≡ 1. Finally, note that most literature on
teleparallel cosmology is based on the sign convention (+,−,−,−) for the metric
signature, in contrast to the convention (−,+,+,+) we use here, and hence the
obtained cosmological field equations differ by signs in several places.
5.2. Particular theories
We now apply the general considerations on cosmological field equations displayed
in the previous section to two commonly studied classes of teleparallel gravity.
One of the most well-known classes, which is applied in particular to cosmology, is
known as f(T ) gravity, and will be discussed in section 5.2.1. Another class, which is
interesting in particular because of its different coupling of vector and axial torsion
components, is known as new general relativity, and will be shown in section 5.2.2.
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5.2.1. f(T ) gravity
The first class of theories we consider is the so-called f(T ) class of gravity theo-
ries [15,16]. Using our choice of units for the gravitational constant, its action can
be written in the form
Sg =
1
2κ2
∫
d4x θ f(T ) , (123)
where f is a free function of the torsion scalar T , and the latter is defined as
T =
1
2
T ρµνSρ
µν , (124)
in terms of the superpotential
Sρ
µν = Kµνρ − δµρTσσν + δνρTσσµ . (125)
By variation with respect to the tetrad as discussed in the previous section, one
obtains the gravitational part of the field equations
κ2Eµν =
1
2
fgµν +
◦∇ρ (fTSνµρ) + fTSρσµ (Kρνσ − Tρσν) . (126)
In order to derive the cosmological field equations, we now make use of the rela-
tions (89) and (90) for the cosmologically symmetric torsion tensor and its corre-
sponding contortion tensor. Inserting these into the definition (125) of the super-
potential one finds
Sρ
µν = 4T1n[µhν]ρ − T2εµνρ , (127)
while for the torsion scalar (124) one obtains the form
T = 6(T 21 − T 22 ) . (128)
With these expressions at hand, one can now evaluate the right hand side of the
field equations (126). For this purpose, it is helpful to note the expressions
Sρσµ (Kρνσ − Tρσν) = −1
3
Thµν = 2(T 22 − T 21 )hµν , (129a)
◦∇ρSνµρ = 6T1LnAA nµnν −
2Ln(T1A2)
A2 hµν , (129b)
Sνµ
ρ
◦∇ρT = 24T1 (T2LnT2 − T1LnT1)hµν . (129c)
Together with the energy-momentum tensor (116), one thus finds the general cos-
mological field equations
κ2ρ = −1
2
f + 6fT
T1LnA
A , (130a)
κ2p =
1
2
f + 2fT (T 22 − T 21 )− 2fT
Ln(T1A2)
A2 + 12fTTT1Ln(T
2
2 − T 21 ) . (130b)
In order to obtain the final result, we still need to replace T1 and T2 with their values
for the different cosmologically symmetric tetrad branches. Using the expressions
given in section 5.1, we obtain the following equations:
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(1) For the spatially flat k = 0 case (120):
κ2ρ = −1
2
f + 6fTH
2 , (131a)
κ2p =
1
2
f − 2fT (H˙ + 3H2)− 24fTTH2H˙ . (131b)
These equations have been thoroughly studied in the literature; see [17] for
an extensive review and [18] for an analysis using the method of dynamical
systems.
(2) For the spatially positively curved k = 1 case (121):
κ2ρ = −1
2
f + 6fTH
2 , (132a)
κ2p =
1
2
f − 2fT
(
H˙ + 3H2 − 1A2
)
− 24fTTH2
(
H˙ +
1
A2
)
. (132b)
These equations have also been found in [8], and applied also to the case k =
−1 by using a complex tetrad obtained from our solution branches by setting
T2 = ±i/A.
(3) For the spatially negatively curved k = −1 case (122):
κ2ρ = −1
2
f + 6fTH
(
H ± 1A
)
, (133a)
κ2p =
1
2
f − 2fT
(
H˙ + 3H2 ± 3HA +
1
A2
)
− 24fTT
(
H ± 1A
)2(
H˙ ∓ HA
)
.
(133b)
These equations depend on the choice of the sign in the tetrad (54) and thus lead
to inequivalent cosmological dynamics. The lower choice of the sign has been
derived in a more general class of scalar-torsion theories [9], which generalizes
the equations derived here.
We see that the cosmological dynamics we obtain differ qualitatively between the
different tetrad branches, and not only quantitatively by a term proportional to the
spatial curvature parameter k. In particular, we see that in the last case k = −1
displayed above, even the choice of the sign in the tetrad (54) leads to different
cosmological dynamics, even though both tetrads represent the same FLRW metric.
This clearly shows that the cosmological dynamics of f(T ) gravity depends on
degrees of freedom beyond the metric ones. It is thus even more remarkable, though
not surprising, that in the general relativity limit f = T , which implies fT = 1
and fTT = 0, all displayed cosmological field equations reduce to the Friedmann
equations
κ2ρ = 3
(
H2 +
k
A2
)
, κ2p = −2H˙ − 3H2 − kA2 , (134)
where the different branches are distinguished only by the appearance of the spatial
curvature parameter k. This follows from the fact that in this case all tetrad degrees
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of freedom beyond the metric ones, and equivalently the spin connection, cancel
from the field equations (126), so that the latter reduce to Einstein’s field equations,
which depend only on the metric.
5.2.2. New general relativity
The second class of theories we consider is given by new general relativity [19].
Its action can most easily be written by making use of the irreducible torsion
decomposition outlined in section 3.3.1 and reads
Sg =
1
2κ2
∫
d4x θ (caaµa
µ + cttµνρt
µνρ + cvvµv
µ) , (135)
with constants ca, ct, cv. Using the same decomposition, the gravity part of the field
equations read
κ2Eµν = ca
(
1
2
aρa(ρgµν) − 4
9
ǫναβγa
αtµ
βγ − 2
9
ǫµνρσa
ρvσ +
1
3
ǫµνρσ
◦∇ρaσ
)
+ ct
(
2
3
tα[βγ]t
αβγgµν − 4
3
tµ[ρσ]tν
ρσ + 2
◦∇ρtµ[νρ] − 2
3
tν[µρ]v
ρ +
1
2
ǫµαβγa
αtν
βγ
)
+ cv
(
1
2
vρv(ρgµν) +
4
3
tµ[ρν]v
ρ + 2gµ[ν
◦∇ρvρ] − 12ǫµνρσa
ρvσ
)
. (136)
It follows immediately from these expressions that the tensorial part governed by ct
does not contribute to the cosmological dynamics, where tµνρ = 0, while the axial
part proportional to ca contributes only in the case of non-vanishing axial torsion.
Expressed by the cosmologically symmetric metric (64) and torsion (89), the only
non-vanishing terms are given by
aρa(ρgµν) = 4T 22
(
nµnν − 1
3
hµν
)
, (137a)
vρv(ρgµν) = 9T 21
(
nµnν − 1
3
hµν
)
, (137b)
gµ[ν
◦∇ρvρ] = −9T1LnA
2A nµnν +
3Ln(T1A2)
2A2 hµν . (137c)
Hence, the cosmological equations of motion are given by
κ2ρ = −cv 9T1LnAA +
9
2
cvT 21 + 2caT 22 , (138a)
κ2p = cv
3Ln(T1A2)
A2 −
3
2
cvT 21 −
2
3
caT 22 . (138b)
For the different branches given in section 5.1, we thus find the following equations:
(1) For the spatially flat k = 0 case (120):
κ2ρ = −9
2
cvH
2 , κ2p = 3cv
(
H˙ +
3
2
H2
)
. (139)
August 28, 2020 1:19 WSPC/INSTRUCTION FILE tg2020cosmo
Complete classification of cosmological teleparallel geometries 35
(2) For the spatially positively curved k = 1 case (121):
κ2ρ = −9
2
cvH
2 +
2ca
A2 , κ
2p = 3cv
(
H˙ +
3
2
H2
)
− 2ca
3A2 . (140)
(3) For the spatially negatively curved k = −1 case (122):
κ2ρ = −9
2
cv
(
H2 − 1A2
)
, κ2p = 3cv
(
H˙ +
3
2
H2 − 1
2A2
)
. (141)
It is remarkable that for the general relativity limit, which is given by the constants
cv = −2
3
, ca =
3
2
, ct =
2
3
, (142)
the equations for the different tetrad branches take the common form (134), and
hence reduce to the well-known Friedmann equations, as already shown for f(T )
gravity in the previous section. This once more supports the consistency of the
presented approach.
6. Conclusion
We have constructed the most general class of cosmologically symmetric, i.e., homo-
geneous and isotropic teleparallel geometries. For this construction we have applied
three independent methods, and shown that they yield the same result, proving
their mutual consistency. We have found that these geometries can be grouped into
two branches, each of which is parametrized by a (real or imaginary) continuous
parameter u, whose square indicates the spatial curvature of the resulting FLRW
metric, and that both branches intersect at u = 0 to yield a unique spatially flat
teleparallel geometry. For each branch of geometries we have provided explicit for-
mulas for the tetrads in the Weitzenböck gauge, tetrad and spin connection in a
diagonal gauge, metric-affine geometry, as well as torsion and contortion tensors.
Further, we have studied the behavior of the obtained geometries under coor-
dinate transformations which are compatible with the cosmological symmetry and
again provided explicit formulas. In particular, we have extended the notion of
cosmological symmetry to also include spatial reflections and found that only the
geometries belonging to one of the two branches are invariant under reflections,
while for the other branch reflections relate inequivalent teleparallel geometries by
changing the sign of their axial torsion. We speculated on the significance of this
finding for theories whose action is not invariant under parity transformations.
In order to demonstrate a practical application of the teleparallel geometries
we constructed, we used them in order to derive the cosmological dynamics of
two classes of teleparallel gravity theories, namely f(T ) gravity and new general
relativity, and found that the different branches we obtained yield qualitatively
different cosmological dynamics, unless we consider the general relativity limit of
these theories. This behavior differs from other classes of gravity theories which are
based on the curvature of the Levi-Civita connection of the metric tensor, where
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the effect of the spatial curvature of the FLRW metric is purely quantitative and
parametrized by the constant spatial curvature parameter k = u2. Further studies
of teleparallel gravity theories and their cosmological dynamics, generalizing the
findings from [18], are required to show the physical significance of this result.
Another possible direction of future research beyond the cosmological back-
ground evolution is to study perturbations of the presented cosmologically sym-
metric geometries and their dynamics. This would extend and generalize previous
works, where a spatially flat background tetrad has been assumed [20,21]. The re-
sults could then be applied to numerous aspects of cosmology, such as the cosmic
microwave background, the growth of density perturbations in structure formation
or the propagation of gravitational waves on an expanding background geometry.
Further, they would provide a first step towards developing the perturbation theory
of more general teleparallel geometries, for example exhibiting only spherical sym-
metry [10], which could in turn be applied to study the gravitational waves emitted
by a nearly spherically symmetric source in terms of its quasi-normal modes.
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